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Abstract 

We investigate non-commutative differential calculus on the super symmetric 
version of quantum space in which quatum supergroups are realized. Multi- 
parametric quantum deformation of the general linear supergroup, GLq{m\n), 
is studied and the explicit form for the i2-matrix is presented. We apply these 
results to the quantum phase-space construction of OSpg{2n\2m) and calculate 
their /^-matrices. 
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1. Introduction 



Recently there has been much interest in quantum groups [|l], ||, |^ , in the context 
of studying integrable field theories, statistical models and conformal field theories in 
two dimensions (See, e.g. refs. @, [§])• 

Quantum groups can be realized on the quantum (hyper-)plane, in which coor- 
dinates are non-commuting [P, 0. Woronowicz has initiated the differential calculus 
on the non-commutative space of quantum groups |Q, which provides an example for 
non-commutative differential geometry Wess and Zumino and others developed 
the differential calculus on the quantum (hyper-)plane covariant with respect to quan- 
tum groups [|TU| and multiparameter deformation of the quantum groups, especially 
for GLg{n) 111], |12|, g, as well as for SOg{n) 0. 

Now it would be interesting to study q-deformation of supergroups from the view- 
point of quantum space. Quantum Lie superalgebras were studied in the framework 
of bosonic and fermionic q-oscillators [|1^, |16|, The Manin's construction of quan- 
tum groups has already been extended to supergroups without recourse to differential 
calculus ilTB . 



In this paper we investigate q-deformation of supersymmetric groups in the frame- 
work of differential calculus on the supersymmetric version of quantum hyper-plane or 
quantum superspace, where the non-commuting super-coordinates consist of bosonic 
as well as fermionic (Grassmann) coordinates. Based on the non-commutative differ- 
ential calculus on the quantum superspace, we study quantum deformation of super- 
groups and i?-matrices which are solutions of the Yang-Baxter equation. We shall 
obtain the explicit form of the multiparametric /^-matrices for the quantum super- 
group GLq{m\n). In contrast to the Manin's superspace |l^ we have the differential 
structure of the quantum superspace, therefore we can extend our results to quantum 



phase space of coordinates and momenta [10, 19, 2C]. Actually we shall apply our 
results for the GLq{m\n) to the phase space construction [|l^ of OSp{2n\2m)-tjpe 
quantum supergroups, pi], El]. 



This paper is organized as follows. In the next section we introduce the quantum 
superspace and study the differential calculus on it, in connection with the Yang- 
Baxter equation. In section 3, the commutation relation of the matrix elements of 
quantum supergroups together with the quantum superdeterminant are investigated. 
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Based on these results we construct the quantum phase-space of the GLq{m\n) in 
section 4. The final section is devoted to some concluding remarks. 



2. Quantum superspace 



Now let us introduce the supersymmetric version of non-commuting coordinates 
which characterize the quantum supersymmetric hyper-plane or quantum superspace 
as follows: 

Z^ = {x';e'') {i = l,---,rn ;a = !,■■■, n) (2.1) 

where and denote bosonic and fermionic (Grassmannian) coordinates, respec- 
tively. They satisfy the following commutation relation 

Z^Z-^ = B'^klZ'^Z^. (2.2) 

We also set up the commutation relation between coordinates and differentials: 

Z^dZ-^ = C^i^^dZ^Z^. (2.3) 

We will see that these two coefficients B^-^j^j^ and C^'^j^j^ are mutually related with 
each other from the consistency conditions. We now extend the differential calculus 
on quantum space developed by Wess and Zumino |T^ and others [11-14] to this 
quantum superspace. Here we require that the exterior derivative d given by 

d = dZ^^ = dx'-^ + rfr-^ (2.4) 

obey the following two conditions: 

i) nilpotency : d^ = 

ii) Leibniz rule: d{fg) = {df)g + {—l)^f{dg) where / denotes the Grassmann 
parity i.e. if / is bosonic / = and / = 1 if / is a Grassmann variable. 

From the Leibniz rule we have for an arbitrary function / 

d{Z^f) = dZ\^Z^)f + {-lyzUz'^f. (2.5) 

Hence by using the commutation relation between the coordinates and the differentials 
(2.3) we get 

±jZ-=S-,^(-l)-CV^. (2.6) 
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We find the following equation holds 



^ ,dZ- = D--^,dZ-4^ (2.7) 



dZ^ dZ^ 
where 

^^iv = {C-'r^N- (2.8) 

This relation can be obtained by multiplying the both sides of (2.7) by Z^ from the 
right and by making use of (2.6) together with the inverse of (2.3). Moreover, we 
multiply (2.3) by d/dZ^ from the left and commute this derivative through to the 
right by using (2.6) and (2.7) we obtain 

Prom the relation (2.8) we get 

/ -i\iniJ nLN r^KS _( -i\fr<jN r^is r^ru fo -\f\\ 

Now we consider the relation between -B'^'^j^ and C^^j^i^. Acting a partial derivative 
d/dZ^ on the commutation relation (2.2) from the left we extract the relation 

(5V'l - 5''kl)(5V^t + i-lfc^^MT) = 0. (2.11) 

We further get a relation by taking the partial derivative of the relation (2.2) multi- 
plied by an arbitrary function of Z and using the commutaion relation (2.2) as 

Now if we take 

B''kl = {-^)'yC''^l. (2.13) 

where X is an arbitrary parameter, and substitute it into (2.12) we can recover the 
relation (2.10). Here we should note that the conservation of Grassmann parity : 
/ + J = X + L holds for the relation (2.2) as well as for the above equation. This can 
be proved from another derivation of the same relation by multiplying the differential 
of Z on (2.2) from the right and commuting it through to the left. The parameter 
X will turn out to be one of the deformation parameters. Thus we are led to the 
Yang-Baxter equation which is satisfied by B^^j^j^ given by (2.13) 

r/J rLJV TiKS _ riJN r>IP r>TU (O^A\ 
-° KL^ SV^ MQ — -° PU^ MT^ QVi K"^-^^) 
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which can be illustrated in Fig.l. This equation can be cast in the more familiar 
Yang-Baxter equation in terms of i?-matrices which are defined with the conventional 
normalization as follows 

1 
Q 

In a similar argument which leads to eqs.(2.11) and (2.13), we can derive the following 
commutation relation: 



B 



ij 



KL — -R^^KL ) = 



(2.15) 



didj = B'^^'j.dKdL , di = d/dZ'. 



(2.16) 



Now let us restrict ourselves to the case of the q-deformed general linear super- 
group GLq{m\n), for which we set up the following commutation relations 

Z^Z-^ = qijZ-^Z^ 

dZ^dZ'' = -pijdZ-^dZ^. 

Taking the exterior derivative of (2.3), generally we have 

dZ^dZ^ = -{-ifc^^KLdZ^dZ^- (2-18) 



(2.17) 



Noting that {dx'^y — 0, (^°)^ = and using the relation (2.13) we explicit worked 
out the computation of C^^kl- turns out that qu and pu are related with each 
other by the equation 

Pij = (-i)^+^^g/j, (2.19) 

and the explict form for the B^'^j^j^ or i?-matrix is found to be 
1 



TjIJ 

^ KL 



(2.20) 

where ©^"^ is equal to 1 for 7 > J and for 7 < J, and q denotes qij. This solution 
for the Yang-Baxter equation provides the multiparametric deformation of GL{m\n) 
with qu and X as the deformation parameters. In the limit in which qu and X tend 
to 1 in (2.20), we can recover the classical case. Note that the whole S-matrix is 
composed of submatrices for a pair of the indices 7 and J (7 < J) and is given by 



/ 



B 















X X 








1 










i-jcY J 



(2.21) 
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and we find the eigenvalues for this submatrix are 1, — 1/X, (— 1/X)^ and {—l/Xy. 
Therefore, the eigenvalue equation of the whole i?-matrix for GLq{m\n) (m + n = N) 
is given by 

{(A - 1)(A + l)}^(^-i)/2(A - 1)™(A + 4)" = 0. (2.22) 
X X 

Hence the characteristic equation satisfied by the i?-matrix is seen to be 

{5'j,5'^ - B''^^){5\,5'^T + XB^l,^) = (2.23) 

which is again consistent with (2.11) and (2.13). Note that for the case of GL(2|0) 
{GL{n\0)), (2.20) reduces to the well-known result for i?-matrix of the 2-parameter 



(the multiparameter) deformation of GL(2) |jTT[] (GL(n) [0, |T3|). (The multiparameter 
deformation of GL{n) was also considered in ref. p4| on the basis of q-oscillators.) For 
GL{2), the choice :X = leads to the well-known i?-matrix with one deformation 
parameter q ||T^. One-parameter deformed (jL(1|1), also for the case X = g^, was 
discussed in ref. [25|. By introducing projection operators S and A given as 

S = , A= ~\ (^-1), (2.24) 

1 + 1/X^ X ' ' 1 + 1/X^ ^ ' 

with the properties iS^ = 5, = ^4, 5 + ^4 = 1 and AS = SA = 0, the i?-matrix 
can be expressed as 

B = S- ^A. (2.25) 
X 

Now we make some remarks on ordering of the indices. We distinguish two types 
of ordering between bosonic and fermionic(Grassmann) coordinates for i?-matrices of 
GLq{'m\n) , Type \ : i < a and Type II : i > a. Although this is not essential for the 
quantum-matrix commutation relation, these types lead to different expressions of 
the commutation relation between coordinates and partial derivatives given in (2.6). 

Choosing the type I ordering, we can explicitly write down the expression of (2.6) 
for GLq{'m\n) as follows 

m n 

dix' = 1 + xx'd^ + (X - 1) ^"^a + (X - 1) ^ rs, 

a=i+l a=l 

djZ' = qijZ'dj , diZ-^ = —Z^di , I <J (2.26) 

qij 

n 

a„r = 1 - e'^da - (1 - X) 

I3=a+1 
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A similar but different expression can also be obtained for the type II ordering. 



3. Quantum group and superdeterminant 



The coordinates of the superspace, Z"^ are hnearly transformed by a matrix T^j 
into new coordinates Z'^, i.e., Z'^ — T^jZ"^. Covariance of (2.2) requires commutation 



relations of T^j, 



_^fiN+L)j^IJ^^j.M^j.N ^ ^_^fiUN)T^^TJ^B^N^, (3.1) 



which was also discussed in ref.[18]. 

Using (2.20), we obtain explicit commutaion relations of T^j, 

r^i.n = (-i)^(^+^)(-i)^"^nTV, 

T'^T'j, = ^_ifi+JLM<L.j,j^rj,i^^ (3 2) 

X 

t'kT'l = i-if'+'^^TiT'^ + (-i)'^(^+^)^^r^^r^;„ 

Qkl Qkl 
where I < J and K < L. The relations show that T^j are nothing but matrix elements 
of GLq{m\n) quantum group, which has most deformation parameters we have ever 
known. It is remarkable that transposed matrix elements satisfy the same relations 
except qij replacing X/ qij. 

Next we define a superdeterminant of the quantum matrix T. The superdeter- 
minant for GLg{l\l) has been obtained in refs.[17,25]. Here we denote T by block 
matrices, 

rpi = f^'j ^3 3^ 

where A (D) transforms bosonic (fermionic) coordinates into new bosonic (fermionic) 
coordinates. At first we consider the case where only fermionic coordinates are linearly 
transformed one another. The fermionic determinant of the matrix D is defined 
through an equation; 

n n 

H e"^ = det/L> n 6'^. (3.4) 
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If we introduce a fermionic volume element V9 as 

/n 
(nn^^^^i, (3-5) 

we find 

Ve' = {det fD)-^Ve. (3.6) 

On the other hand, in transformation of only bosonic coordinates, the bosonic deter- 
minant of the matrix A is defined as ref.[ll,12] through an equation, 

m m 

n dx'^ = detbA H dx^. (3.7) 
jfc=i fc=i 

Then superdeterminant of the matrix T is defined using the above volume elements, 

m m 

( n dx"')Ve' = Sdetr( n dx'')Ve. (3.8) 

k=l k=l 

Note that the matrix T can be decomposeed into a product of three simple matrices; 

where A = A — BD^^C . Only the second matrix of the right hand side contributes to 
the superdeterminant, because the volume element is not changed under the transla- 
tion. Thus we find SdetT = det^ A{dei f D)~^ . 

Using (2.20), we obtain explicitly the bosonic and fermionic determinants as 

deUA = ^( n (-P.».w)"')^^(i)^'(2) ■ ■■Kim). (S.lO.a) 

i<k,a{i)>a{k) 

detfD n (9.(aM/3))-')^i(i)^^(2) • ■■D:^n), (3.10.6) 

o- a<l3,a{a)>a{l3) 

where a implies a possible permutation. When qu — X — 1, the bosonic and the 
fermionic determinants and the superdeterminant become "classical" obviously. 

Further,we obtain a commutaton relation, 

mm n n 

x'Udx'' = (11 dx'')x'c^)X\ n = (H ^^)(^^"c(„)X"-", (3.11) 

fe=l k=l /3=1 /3=1 

where 

i—l m a—1 n 

cw = (n— ) n lik, c(a) = (n— ) n ^^z?. (3.12) 

k=l 'ikz k=i+l (3=1 /3=a+l 
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This leads to commutation relations between the bosonic determinant and each matrix 
element T^j, 

%)X^T) det A = C(^i)X' dct A T), (3.13) 

which coincides with the result of ref. [12]. In addition to (3.11), we use the commu- 
tation relations of the transposed matrix to find commutaion relations between the 
superdeterminant and the matrix elements T^j. Thus, we obtain relations, 

Hj) (3=1 ^iP ^(a) k=l ^^"^ 

T\T = ^C(,)C(„)n|if^rr,, (3.14) 

11/3=1 Qi/S 

where T = SdetT. We can find commutation relations between the superdeterminant 
and T", using the fact that the superdeterminant and T^jT ^ commute each other. 

The centrality of the superdeterminant requires 

vi y —a—m—1 „—l 

^'(^^ - const, (3.15) 



n^=i Qif3 rifcLi Qka 

for all i and a. In general, eq. (3.15) provides {ni + n — 1) independent conditions on 
the deformation parameters, while in special case where m = n we find only (m+n— 2) 
independent conditions. Therefore, we can obtain SLg{m\n) quantum groups with 
{(A^ — 2)(A'^ — l)/2-|-l} independent deformation parameters and SLq{m\m) quantum 
groups with {(m — l)(2m — 1) + 2} independent parameters. The latter differs from the 
situation of SLq{m) of ref. [12] and that is one of remarkable aspects of the quantum 
supergroups. 

4. Deformed phase space 



In this section, we deform phase space of the supersymmetric coordinates and 
momenta, following refs.[10,19]. We consider the real quantum superspace, i.e., = 

. That requires conditions on the deformation parameters, i.e., qu — 1/qij, X — 
1/X. Further, the derivatives should satisfy 

a. = -x2''Wa„ a„ = x2''Wa„, (4.i) 
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where p{i) — {m + 1 — n — i)/2, p{a) = (q — n)/2 in the case of Type I ordering and 
p{i) = (m + 1 — i)/2, p{a) = {m-\- a — n)/2 for Type II ordering. Therefore we can 
define real momentum operators as 



Pi 



■iXP^^di, = (4.2) 



Eqs.(2.2), (2.6) and (2.16) requires that these super phase-space should follow com- 
mutation relations, 

Z'Z-" = B''j,^Z''z\ PlPk = B''j,^PjPi, (4.3) 

PkZ' = -{if+'C^ + {if-'X^'^''^-f'^'^+'B'-'^LZ''Pj, 

where C^^ = Xp^^^S^^ and Pj = {pi,Pa)- 

Suppose that we define super-gamma matrices as 

Hereafter we denote a' = 2n — a + 1 and i' = 2m — i -|- 1. We can derive deformed 
super- Heisenberg algebra or "super" -Clifford algebra from the phase space algebra as 
follows, 

r^r-' + (-^^'^^^)r^r^ = c"{-iy^\ (4.5) 

where = (7", c*) (« = 1, ■ ■ ■ , 2n, i = 1, • • • , 2m). The matrix i^^'xL )Of course, 
related to the matrix i^^'^L) i-®-) 

B'''k>l' = B'-'k,, B'W = B'^j,, (4.6.a) 

B%L = (i)'-%^(')-''^^)+'S'^^,;^, (4.6.6) 

B'i,, ^ {^'-^XP^^)-P^^)-\B-y\, (4.6.C) 

where I , J, K, L < m+1 (n + 1) in the bosonic (fermionic) case and the inverse of the 
matrix B is defined as (-B^^)'^'jk-B^^^ = 6^'^'^6jn. Further the metric matrix C is 
obtained as C"' = C'^j, = and so on. Among the block matrices of the matrix 
B, B^'j^,i^, and -8^"/^^ of (4. 6. a) have eigenvalues 1 and —1/X, as said in section 
two. The other block matrix with (4.6.b) and (4.6.c) as off-diagonal sub-matrices, 
has eigenvalues ±1. It is easily shown that the matrix B satisly the Yang-Baxter 
equation. Suppose that we graphically represent the B^'^k'l (4.6.b) as Fig. 2. It is 
related to the diagram of B^^jj^. For example one set of the Yang-Baxter equations 
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with indices shown in Fig. 3 is identified with the equation represented by Fig.l.b, up 
to an overall factor, (^{^^-^ x^'^'^^"''^^^'^^ . Similarly, we can prove that the matrix B 
with the other indices satisfy the Yang-Baxter equation, making use of the fact that 
B is the solution of the Yang-Baxter equation and one sort of conservation law that 
the matrix elements B^'^j^j^ vanish unless I+J — K + L and I — J — K — L. Imposing 
conditions, 5/ J = q and X — q^, we find that the B matrices for the GLg(m |0) and 
GLq{0\ri) phase spaces coincide with well-known /^-matrices of Spq{2m) and SOq{2n) 
deformed by one parameter, respectively, as shown in ref.[19]. Further, the above 
analysis suggests /^-matrices for deformed OSp{2n\2m) groups. 

Moreover, we can define a quantum superspace with a metric, whose differentials 
satisfy commutation relations, 

dZ^dZ^ = B^^KidZ^dZ^, (4-7) 

where new coordinates Z^ in a deformed superspace consist of new bosonic coordinates 
x°' {a — l---2n) and new fermionic coordinates 9^ {i — l---2m), i.e., grassmann 
parities of all new coordinates are reversed, compared with the orginal GLq{m\n) 
phase space. From (4.7), we can derive commutation relations between the new 
coordinates and the differentials by the discussion on (2.3) and (2.18) as 

Z^dZ^ = -{-ifs^^KLdZ^Z^- (4.8) 

Further, using characteristic equations of the block matrices of B and (2.11), we 
can derive commutaions relations for the new coordinates Z in a similar way to the 
procedure in the section two. 

Let us consider the GLq{l\l) phase space as a concrete example, from which we 
derive /^-matrix for deformed OSp{2\2). The deformation of 05*^(212) was also dis- 
cussed algebraically in ref.[23]. In the case of Type I ordering, bosonic and fermionic 
momenta are defined as, 

= -id^, pe = de. (4.9) 
They and the coordinates satisfy commutaion relations as follows, 

PxPe = ^pePx, xe = qex, 

pj = —9p^, P0X = qxpe, (4.10) 

q 

PxX = -i + Xxpx - i{X - l)6p0, 
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pee = l- Ope, pl = e'' = 0, 

where these relations are dominated by the matrix B constructed as (4.6). In this 
case, the matrix B is obtained exphcitly as 



fa* 



B 



\ 



h 

h-^ 



(4.11) 



(-1/X 



\ 



l/q 
q/X l-l/X 



a) 

\ ( -1 



1/ 



q 
X/q 



\i{l-X) 



X) 



where a* is obtained from a by rearrangement of the elements as (4. 6. a). Suppose 
that we define gamma matrices = pe, 7^ = 9, = p^ and = x. They satisfy 
super-Chfford algebra for deformed OSp{2\2) group as 



cV-XcV + i(X-l)7V 



(4.12) 



c 7 



X 



j^c^ = 0, 7^c^ - qc^Y = 0, 



12 ^21 
c 7 7 c 



0, 



22 2 2 n 

c 7 — qj c = 0. 



Using the matrix S as (4.7), we can define commutation relations between differentials 
of the deformed OSp{2\2) superspace as. 



{dxy = {dx 



s;2\2 



0, 



dx^dx^ = —dx^dx^, 



de^de' - xde'de^ - i{x - i)dx'dx\ 



(4.13) 



de^dx^ = ^dx^de\ 

X 



de^dx^ = —dx^de\ 

Q 



dx'de^ = qde'dx\ dx^de' = qde'dx\ 

Here we define another parity e(/) as e(l) = and e(2) = 1 in both bosonic and 
fermionic cases. The matrix i^^'xL satisfy the characteristic equation. 



(4.14) 



11 



and also {—lY^^ B^'^^j^ satisfy the same equation as (4.14), where / and K denote the 
grassmann parities of the new coordinates. Using the characteristic equation (4.14), 
we can easily decompose the matrix B^'^kl i^^o projection operators, as said in section 
two. Then we will derive a matrix B'^^^l which dominates commutation relations 
between new coordinates as — B'^j^j^Z^Z^. Comparing the characteristic 

equation (4.14) with (2.11), we find 

B%L = -{-iy+'^X^<'^-<^^\B'-'j,L, (4.15) 

and explicitly obtain the commutation relations as 

0^x^ = qx^e\ x^e^ = qe^x\ (4.16) 

2l~2 ^ ~22l -222 "^22-2 

Ox— — X , X — — X , 

e^e^ = -xe'^e^ - i(x - i)x^x'. 

This algebra has a center, x^x"^ + iO^O"^, i.e., it is not deformed from the classical one. 
It can be described as 

X+1,^.0 .VX , 1 



x'CijX^ + irc'^J^ = ^^^{x^x^ + x^x^) + t-^{^e^e^ - ^/xe^e^). (4.17) 

4 2 y X 

It is remarkable that ratios of the metrics, C12/C21 and C'\2l^'2\-> coincide with those 
of S0q{2) and Spq{2) quantum groups of ref.[7], respectively. By similar procedure, 
we can derive commutaion relations of the deformed OSp{2\2) superspace for Type 
II ordering, where we can find that x^x'^ + iO^O'^ is also central. Further the similar 
analysis on the GLq{m\n) phase space lead to various quantum superspaces with 
metrics. 



5. Concluding remarks 

In this paper we investigated the differential calculus on the non-commutative 
superspace. We obtained the Yang-Baxter equation in this framework for quantum 
supergroups, and in particular, the explicit form for the multiparametric /^-matrix in 
the case of q-deformed general linear supergroup, GLq{m\n). We also presented the 
commutation relation of quantum supergroup matrix-elements as well as quantum 
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superdeterminants. We then extended these results to phase-space construction of 
OSpq{2n\2m). Some details for quantum super-Clifford algebras and the i?-matrix 
were presented for the case of OSpg{2\2). 

It would be interesting to extend the present result to more general supergroups. 
It should also be worked out to find the relation between the quantum group and the 
quantum Lie algebras. In the context of differential calculus, one of the next issues 
to be studied is the quantum differential form ||2^ . 



Finally, there have been a number of works on quantum deformations of space- 
time symmetries such as Lorentz E7\, EBI, ESI and Poincare I 



groups in the 

literatures. In this connection, the most intriguing subject to be pursued further 
might be q-deformation of super-Poincare symmetry. 



The authors would like to thank T. Inami, P. Kulish and R. Sasaki for valuable 
discussions. 
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Fig.2 Graphical representation of the block matrix of B written as eq(4.6.b) 
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Fig.3 Graphical representation of some of the Yang-Baxter equations of B 
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